
Metric Spaces and Topology
Lecture 11

Disjantifying ats. Given a family (at) 5of sets, which are not

necessarily disjoint, there is a way to make

When disjoint without changing the sets much. More freaky, we

place, each at Siwiththat isit?"he
So Si Given a choice function afor F',
·SoS! i.e. c: 5'- VE, we can

- !
x +(x, Se define a choice fancien

! c. =projo co: 5-> UI

3 +S' + c(s)1x= S.
1,s

Continuum. We start by proving thatthere exist unchal sets.

By Cantor diagonalization method, we star t
for

any at 3, P(S) IS, where P(S) ==7S':s'=S].
E.g. S =0 => P(s) =303. If s = n, Ren P(S)=2"
TheCantor diagonalization method in a basic



algorithm of producing a new column rector in
an nxu table:

Want a rector I thatdoesn't

D appear in the

=
table.

We take the ~antidiagonal:
X

One checks atif antiding is notequal
to column because its lette coordinate
is different from the (1,1) entry of
the table.

diay audiday
More generally, given a set X and R =X" (binary rela-

how on X), we define its audidiagonal
AD(R) =

=(x =X:(x,x)4R3.

er
action

For xEX, the vertical (resp. horizontal) fiber of R is the

at Rx =
=334X:(x,y) = R) (resp, RY = =(yGX:(y,x) =R3).

"
1*

sir profil



Cantor's Diagonalization Rover. A X& R=X, AD(R) is

not avertical or horizontal section ofR.

Proof. Fx tX, xAD(R):c=>(x,x) 4Rc=xRx
Thus, AD(R)+Rxfor all xEX. 1=) x*R*
same for BY.

Cactor's throne. By"*.nmatricorE
Proof. Suppose - fix->P(X) sujective. We define

R:=((x,5): yef(x)).
Thus, AD(R)=Xis not be equal to any vertical** fiber f(x). Thus, Iisn't subjective, a contradiction.

X

Rus, 2x
=PX) inits begin.

Max.

In particular, 2N= P(IN) is unctbl. We know KA 2=e
=C0,1 butalso 2Ne[0,1 via binary representation, so
C0,1) ce 2,hence 2c(0,122"V. Thus, by the



following theorem, 2 =(0, 17. Hence also, 2Y=IR.

Cantor-Schrder-Bernstein Theresun. If AB and BA,
then A =B.

Proof. HW.

The equinmmerocity clan of PIN) is called continueand
/

any
set equinumerous to PCI is said to have cardina-

lib continuum.

Exagle. IN =NN.
Proof. INCNN so it's enough to prove IVas 2'.

HW Find the Use the unary representation at 111 ...)-
image of this and Os is between:(3,5, 4, ...)I

n times

injection. (110 11 11 0 (1110...).

Let's do an application. Ametric space is called separable if
itadmits a utbl dense set.

Prop. Any separable metric space X has cardinality at most con

timamm, in fact RN -e X for any dense subset Q2X.



Proof. LetQ2 X be a del dense subset of X. We fix x.eX,
and define A:Q" -> X

192) it him in if this exists.
4 Xe otherwise

His curjective bene for any xEX, there is a sequence

Cut converging to x (defined by choosing a from Bit).

It's natural to wonder, and Cantor did, ifthere is an muctll

at smaller man continuum (i.e. 2) butno bijection),
in other words, is there an unctbl subset of IR not equi-

numerous to R? Thenegative answer is brown as:

Continum Hypothesis (CH). There is no unctbl set butas IR
but IR.

CH was down by R.God to be consistent with EFC

and then it was prove
P. Cohen (using a new method called

forcing) that - CH is also consistent with ZFC.


